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THE VOLUME OF COMPLETE ANTI-DE SITTER 
3-MANIFOLDS 

NICOLAS THOLOZAN 


Abstract. Up to a finite cover, closed anti-de Sitter 3-manifolds are 
quotients of SOo(2,1) by a discrete subgroup of SOo(2,1) x SOo(2,1) of 
the form 

j X p(r), 

where L is the fundamental group of a closed oriented surface, j a Fuch- 
sian representation and p another representation which is “strictly dom¬ 
inated” by j. 

Here we prove that the volume of such a quotient is proportional to 
the sum of the Euler classes of j and p. As a consequence, we obtain 
that this volume is constant under deformation of the anti-de Sitter 
structure. Our results extend to (not necessarily compact) quotients of 
SOo(n, 1) by a discrete subgroup of SOo(n, 1) x SOo(n, 1). 


Introduction 

Volume of non-Riemannian Clifford—Klein forms. It is a well-known 
fact that the covolume of a lattice F in a simple Lie group G is strongly rigid 
in the following sense: for any two embeddings j and j' : F —G as a lattice, 
the quotients j{T)\G and j'(T)\G have the same volume (with respect to 
some fixed Haar measure). 

This fact is actually a by-product of the famous rigidity theorems of 
Mostow [20] and Margulis [19]. The only situation that is not covered by 
those theorems is when G is (a covering of) PSL(2,M), in which case the 
result follows from the Gauss-Bonnet formula (the covolume of j(F) being 
proportional to the volume of j(F)\]HI^). 

Comparatively, very little is known about the volume rigidity of non- 
Riemannian Clifford-Klein forms, i.e. manifolds of the form T\G/H, where 
if is a closed non-compact subgroup of G and F a discrete subgroup of G. In 
this case, there is no analog of Mostow’s and Margulis’s rigidity theorems. 
The Gauss-Bonnet formula can only be generalized for manifolds of even 
dimension. In some interesting cases, it actually gives an obstruction to the 
existence of compact Clifford-Klein forms. 

To illustrate the difficulties that arrise, let us focus on the case of compact 
anti-de Sitter manifolds (i.e. Lorentz manifolds of constant negative sectional 
curvature). Those manifolds have (up to finite cover) the form F\AdS,i, 
where AdS,i is the homogeneous space SOo(n — l,2)/SOo(n — 1,1) and F 
is a discrete subgroup of SOo(n — 1,2) acting freely, properly discontinously 
and cocompactly on AdS,i. 
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When n is even, the Chern-Gauss-Bonnet formula implies that the volume 
of r\AdS,i should be proportional to its Euler characteristic. More than 
a rigidity result, this actually implies the non-existence of such a group 
r, simply because the Euler characteristic of a closed Lorentz manifold is 
always 0. 

When n = 2k + 1 \s odd and greater than 4, the only known examples 
of such groups E are lattices in U(/c,l) C SOo(2A:,2) (these examples were 
given by Kulkarni in [16]). Such a group E cannot be continuously deformed 
outside V{k, 1) (see [12], paragraph 6.1.1) and the volume of E\AdS 2 fc+i is 
thus locally rigid. It is conjectured that these are the only examples, which 
would imply a srong volume rigidity. 

In contrast, compact quotients of AdSs are known to have a rich deforma¬ 
tion space (see [9], [21], [12] and [22]). In a recent survey by anti-de Sitter 
geometers, it is asked whether the volume of closed anti-de Sitter 3-manifolds 
is constant under these deformations ([2], question 2.3). The primary pur¬ 
pose of this paper is to answer this question. 

The specificity of anti-de Sitter manifolds in dimension 3 is that AdSs can 
be identified with SOo(2,1) with its Killing metric and Isomo(AdS 3 ) with 
SOo(2,1) X SOo(2,1) acting of SOo(2,1) by left and right multiplication. By 
work of Kulkarni-Raymond [17] and Klingler [14], compact anti-de Sitter 
3-manifolds have (up to a finite cover) the form 

jxp(E)\SOo(2,l) , 

where E is the fundamental group of a closed oriented surface and j and p 
are two representations of E into SOo(2,1), with j discrete and faithful. 

We will prove that the volume of such a manifold is proportional to the 
sum of the Euler classes of j and p, implying local rigidity of the volume. 
More generally, we will describe the volume of quotients of SOo(?r, 1) by a 
finitely generated subgroup of SOo(?r, 1) x SOo(n, 1). 

Statement of the results. The action of SOo(n, 1) xSOo(n, 1) on SOo(n, 1) 
by left and right multiplication preserves a volume form on SOo(n, 1). This 
allows to define the volume of quotients of SOo(n, 1) by discrete subgroups 
of SOo(n, 1) X SOo(n, 1) acting properly discontinuously. 

Kobayashi [15] and Kassel [11], generalizing the work of Kulkarni-Raymond 
[17], proved that finitely generated subgroups of SOo(n, 1) x SOo(n, 1) act¬ 
ing properly discontinously on SOo(n, 1) have (up to finite index and up to 
switching the factors) the form 

j X E(r), 

where E is a finitely generated group and j and p two representations of E 
into SOo(?r, 1), with j discrete and faithful (see theorem 1.3). Here, we will 
compute the volume of these quotients. 

Recall that SOo(?r, 1) is the group of orientation preserving isometries of 
the hyperbolic space If j is discrete and faithful, then j(E) acts properly 
discontinuously on H". If, moreover, this action is cocompact, then one can 
define the volume of a representation p ; E ^ SOo(?r, 1) by 

voi(p) = [ rvoF" , 
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where / is any piecewise smooth (j, /9)-equivariant map from H" to Here 
vol^" denotes the volume form associated to the hyperbolic metric on El” 
(see section 1.3 for precisions on its normalization). In particular, 

Voi(i) = Voi(j(r)\e”) . 

This dehnition can be extended (with some technicality) to representations 
of a non-cocompact hyperbolic lattice (see definition 3.6 and the discussion 
in section 3.1). 

Finally, let us denote by the volume of SO(n) with respect to its bi¬ 
invariant volume form (see section 1.3 for the normalization of this volume 
form). With these definitions and notations, we can now state our main 
result: 

Theorem 1. 

Let T be a lattiee in 50o(R)1)7 J ^ T SOo(n, 1) the inclusion and p an¬ 
other representation of T into SOo(n, 1), such that j x /9(r) acts properly 
discontinuously on SOo(r, 1). 

Then 

Vol (j X p(r)\SOo(n, 1)) = V, (Vol(i) + (-l)”Vol(p)) . 

Remark 0.1. We will give later a slightly stronger version of this theorem 
(Theorem 1.9). 

The proof will rely on a theorem of Gueritaud-Kassel [10] which gives a 
necessary and sufficient condition for j x /9(r) to act properly discontinuously 
on SOo(n, 1) (Theorem 1.6). This theorem allows a deep understanding of 
the geometry of the quotient (see section 4.1). Gueritaud-Kassel’s condition 
is open, meaning that if jq xpo(r) acts properly discontinuously on SOo(n, 1), 
then j X /9(r) still acts properly discontinuously for (j, p) in some neighbour¬ 
hood of {jo,Po)- We will say that the volume of jo x /9o(r)\SOo(n, 1) is 
locally rigid if the volume of j x p{T)\SOo{n,l) is constant for {j,p) in a 
neighbourhood of {jo,Po)- 

Using rigidity results of Besson-Courtois-Gallot [3] and Kim-Kim [13] 
for the volume of representations of a lattice in SOo(n, 1), we obtain the 
following corollary: 

Corollary 2. 

Let T be a lattice in SOo{n, 1), j : T — )■ SOo(n, 1) the inclusion and p : T —)■ 
SOo(r, 1) a representation ofT into SOo{n, 1) such that j x p(r) acts properly 
discontinuously on SOo{n, 1). Then the volume of j x p(r)\SOo(n, 1) is rigid, 
unless n = 2 and T is not cocompact. 

The case when n = 2 corresponds to closed anti-de Sitter 3-manifolds and 
thus answers Question 2.3 in [2]. Interestingly, in that case, the volume is 
not rigid when T is not cocompact. We will prove the following: 

Theorem 3. 

Let T be a non-cocompact lattice in SOo(2,1) and j : T —)■ SOo(2,l) the 
inclusion. Then there exists a continuous family {pt)_i^t^i of representa¬ 
tions ofT into SOo(2,1) such that j x pt(T) acts properly discontinuously on 
SOo(2,l) and such that 


Vol(j xpi(r)\SOo(2,l)) 
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takes all the values in the open interval (0,47rVol(j)) when t varies. 

Other approaches to theorem 1. Theorem 1 was originally proven in 
the author’s thesis [23] for n = 2 and for compact quotients. Since then, it 
attracted some interest, and several people found other approaches to prove 
it in this setting. 

Jean-Marc Schlenker mentioned to us that the volume rigidity could prob¬ 
ably be obtained using the anti-de Sitter version of the Schlafli formula (see 
proposition 3.8). 

Labourie found an interpretation of the volume of anti-de Sitter 3-manifolds 
as a Chern-Simons invariant [18]. He noticed that the volume could be un¬ 
derstood as a secondary characteristic class of the tangent bundle provided 
with two natural flat connections coming from left and right parallelism on 
SOo(2,1). The general Chern-Simons theory then directly gives the rigidity 
of the volume. This approach may generalize to quotients of SOo(n, 1), with 
n > 3. 

Finally, Alessandrini and Li recently found another proof of this theorem 
[1]. Their computation seems similar to ours but uses an interesting Higgs 
bundle interpretation of anti-de Sitter 3-manifolds. 

Organization of the paper. The next section of this paper introduces the 
background of our work and gives more details about our results. Section 2 
specializes our results in the anti-de Sitter case and proves theorem 3. Section 
3 gives some precisions on the definition of the volume of a representation 
and proves corollary 2. Section 4 contains the core of the proof of Theorem 
1.6. Finally, in section 5, we mention some open questions raised by this 
work. 

Acknowledgements. Part of this work was completed during my PhD at 
the university of Nice-Sophia Antipolis. I would like to thank my advisor, 
Sorin Dumitrescu, for is constant support during my thesis. I am also thank¬ 
ful to Frangois Labourie for his interest in this work and for explaining me his 
approach with Chern-Simons theory, and to Fanny Kassel and Ravi Kulkarni 
for some thoughtful remarks after a talk I gave on this topic. 

1. Volume of Gueritaud-Kassel’s quotients 

1.1. Hausdorf quotients of SOo(n, 1). Let us start by reviewing the pre¬ 
vious results describing quotients of SOo(n, 1) by a discrete subgroup of 
SOo(n, 1) X SOo(n, 1). From now on, we will name these Gueritaud-Kassel’s 
quotients, in reference to Gueritaud-Kassel’s theorem (Theorem 1.6) that 
completed their description. 

Gueritaud-Kassel’s quotients are examples of Clifford-Klein forms, that 
is, quotients of a homogeneous space by a discrete subgroup of transforma¬ 
tions acting properly discontinuously. In the case we are interested in, the 
homogeneous space is the Lie group SOo(n, 1), the connected component 
of the identity in the group of linear transformations of preserving a 

quadratic form of signature (n, 1). Its transformation group is the group 
SOo(n, 1) X SOo(n, 1) acting by left and right multiplication: 

{g, h) ■x = gxh~^ . 
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This action preserves a natural pseudo-Riemannian metric on SOo(n, 1) 
called the Killing metric. To define it, recall that the tangent space of 
SOo(n, 1) at the identity is the Lie algebra so(n, 1) of (n -|- 1) x (n -|- 1) 
matrices A satisfying 

= 0 , 

where 

I'," M 


VO ••• 0 -1/ 

Definition 1.1. The Killing metric on SOo(n, 1) is the left invariant pseudo- 
Riemmanian metric k, dehned on so(n, 1) by 

K{A,B) = ^TTiAB) . 

The adjoint action of SOo(n, 1) on so(n, 1) preserves the Killing form. 
Therefore, k, is also invariant under right multiplication. Since SOo(n, 1) is 
simple, this actually characterizes the Killing metric. 

Proposition 1.2 (Cartan). The Killing metric is, up to scaling, the unique 
pseudo-Riemannian metric on SOo(n, 1) which is invariant by both left and 
right multiplication. Moreover, SOo(n, 1) x SOo(n, 1) (acting by left and right 
multiplication) identifies with (an index 4 subgroup of) the isometry group 
o/(SOo(n, 1 ),k). 


We now turn to the description of the discrete subgroups of SOo(n, 1) x 
SOo(n, 1) acting properly discontinuously on SOo(ra, 1). Recall that SOo(n, 1) 
can be seen as the group of orientation preserving isometries of the hyperbolic 
space H”. 

Theorem 1.3 (Kulkarni-Raymond [17], Kobayashi [15], Kassel [11]). LetT 
be a discrete and torsion-free subgroup o/SOo(n, 1) x SOo(n, 1). Denote by 
j (resp. rho) the projection ofT on the first (resp. second) factor. IfT acts 
properly discontinuously on SOo{n, 1), then, up to switching the factors, j is 
discrete and faithful. 

Remark 1.4. This result was initially proven by Kulkarni and Raymond in 
the case n = 2 [17]. Kobayashi then proved faithfulness and Kassel proved 
discreteness in a more general setting. 

Gueritaud and Kassel then gave a precise criterion for j x /o(r) to act prop¬ 
erly discontinuously. In order to state it, let us introduce some terminology 
first. 

Definition 1.5. Let T be a group, j : T —)■ SOo(n, 1) a discrete and faithful 
representation and p : T —)■ SOo(n, 1) another representation. We say that j 
strictly dominates p if there exists a [j, p)-equivariant map from El" to El" 
which is contracting (i.e. A-Lipschitz for some A < 1). 
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Theorem 1.6 (Gueritaud-Kassel [10]). Let T he a geometrically finite sub¬ 
group o/SOo(n, 1), j ; r —)■ SOo(n, 1) the inclusion and p another representa¬ 
tion o/r into SOo(n, 1). Then the group (j x /9)(r) acts (freely and) properly 
discontinuously on SOo(ra, 1) if and only if, up to switching the factors, p is 
strictly dominated by j. 

Remark 1.7. The fact that the strict domination is a sufficient condition 
follows from the Benoist-Kobayashi properness criterion. It seems to have 
been explicitly stated for the hrst time by Salein [21]. 

Gueritaud-Kassel’s theorem does not hold if we remove the hypothesis 
that r is geometrically finite. However, we conjecture that, if T acts prop¬ 
erly discontinuously and cocompactly on SOo(n, 1) with finite covolume, then 
j(r) must be geometrically finite (see section 5.1). 


1.2. Volume. There is, up to scaling, a unique bi-invariant volume form on 
SOo(ra, 1). A natural way to normalize it is to decide that we get 1 when we 
evaluate it on a direct orthonormal basis of (so(n, 1), n) (this requires hrst a 
choice of an orientation). We denote this volume form by vol^. 

Let r be a hnitely generated group and j, p two representations of L into 
SOo(n, 1) such that j is discrete and faithful and strictly dominates p. Then 
the volume form vol^ on SOo(n, 1) induces a volume form on its quotient by 
the action of L. 

Definition 1.8. The volume of Gueritaud-Kassel’s quotient 

j X p(r)\SOo(n, 1) 

is dehned as 

Vol(j xp(r)\SOo(n,l)) = / nor. 

^■xp(r)\SOo(n,l) 

Let us reformulate our main theorem in a more precise way. We denote by 
no/®*" the volume form on H” associated to the metric of constant curvature 

- 1 . 

Theorem 1.9. Let T he a geometrically finite subgroup o/SOo(n, 1), j ■ 
r ^ SOo(n, 1) the inclusion and p : L —SOo(n, 1) a representation which is 
strictly dominated by j. Let f : —)■ H” be a {j, p)-equivariant contracting 

map. Then we have: 

Vol ((j X p)(r)\SOo(n, 1)) =Vn f vol^" + {-irfvol^'^ , 

where Vjj is the volume o/SO(n) with respect to its Killing metric. 

Corollary 1.10. If {j x p)(r)\SOo(u, 1) has finite volume, then j{T) is a 
lattice in SOo(n, 1) and the integral 

[ fvol^" 

does not depend on the choice of f. 
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In that case, one can take as a definition of the “volume” 

of the representation p. This coincides with the classical definition when 
j(r) is cocompact, and with more subtle definitions introduced in [4] and [7] 
in general (see section 3.1). Theorem 1 thus follows from theorem 1.9. 

Proof of corollary 1.10. Let A < 1 be such that / is A-Lipschitz. Then we 
have 

irvoF’^l < X^voF'" 

and thus, by Theorem 1, 

Vol ((j X p)(r)\SOo(n, 1)) > (1 - A’^)V„ [ vol^" . 

Therefore, if (j x /3)(r)\SOo(n, 1) has finite volume, then j(r)\]HI” has finite 
volume and j(r) is thus a lattice. We can then re-write the volume of 
(j X p)(r)\SOo(n, 1) as 

[ voi^^ + [ rvoi^". 

7i(r)\H» 7j(r)\H" 

Since this volume does not depend on the contracting map /, the second 
term obviously does not depend on / either. □ 


1.3. A word on conventions. All these results depend on the normal¬ 
ization we chose for the Killing metric. The definition we chose is rather 
specihc to SO(n, 1) which has a prefered linear representation (for a gen¬ 
eral Lie group, one usually uses the adjoint representation). However, this 
choice is particularly suited to hyperbolic geometry. Indeed, the orthogonal 
of so(n) in so(n, 1) naturally identihes to the tangent space to El” at some 
base point xq. With our convention, the restriction of the Killing metric to 
so(n)“’- precisely gives the Riemannian metric of constant curvature —1 on 
H”. 

One also needs to choose a bi-invariant volume form on SO(n) in order to 
dehne V„. We do this in the same way as we did for SO(n, 1). First dehne 
the Killing form on the Lie algebra so(n) by {A,B) i—)• ^Tr(ylH), where A 
and B are anti-symmetric n x n matrices (note that this coincides with the 
restriction to so(n) of the Killing form on 5o{n, 1)); then normalize the vol¬ 
ume form on SO(n) so that the volume of an oriented orthonormal 

basis of 5o{n) is 1. With this convention, the volumes satisfy the nice 
recurrence relation: 

V„+l = VnX Vol(§”) , 

where S” denotes the n-sphere. One obtains the following (not very enlight¬ 
ening) expression for V„: 


n—1 


v„=n 


TT 


.n/2 


r(n/2) ’ 


where T is the Gamma function. 

Finally, our results seem to depend on the orientation of SOo(n, 1) and H”. 
The most natural convention to take is to ask for the volume of a manifold to 
be positive. Note however that, once we hxed an orientation on H” so that 
Vol(j) is positive, Vol(/9) could very well be negative. Interestingly, if p' is 
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the conjugate of the representation p by some orientation reversing isometry, 
then Vol(/9') = — Vol(/)). In that case, both p and p' are strictly dominated 
by j, but the quotients j x />(r)\SOo(n, 1) and j x p'(T)\SOo{n, 1) do not 
have the same volume (unless Vol(/9) = 0). 

2. Volume of complete anti-de Sitter 3-manifolds 

The initial motivation for this work is the case when n = 2. Indeed, the 
Killing metric on the Lie group SOo(2,1) = PSL(2,M) is a Lorentz metric of 
constant negative sectional curvature, and Gueritaud-Kassel’s quotients in 
that particular case are thus anti-de Sitter 3-manifolds. 

Conversely, as consequence of a theorem of Klingler [14], every closed 
anti-de Sitter 3-manifold is a quotient of the universal cover of SOo(2,1) by a 
discrete subgroup of transformations preserving the Killing metric. Kulkarni 
and Raymond proved that these manifolds are actually quotients of a finite 
cover of SOo(2,l) [17]. Therefore, every closed anti-de Sitter 3-manifold is, 
up to a finite cover, one of Gueritaud-Kassel’s quotients. 

In a recent survey by specialists of this domain [2], it is asked whether the 
volume of these manifolds is rigid (Question 2.3). Our theorem provides an 
answer. Let us reformulate it in this particular case. Recall that a torsion- 
free cocompact lattice of SOo(2,l) is isomorphic to the fundamental group 
of some closed orientable surface S of genus > 2. In that case, the volume 
of a representation p : 7ri(5') —)■ SOo(2,1) is 2?! times the Euler elass of the 
representation, denoted eu(/9). 

Theorem 2.1 (Theorem 1 in the AdS case). Let S be a closed surface of 
genus at least 2 an j and p two representations of tti{S) into SOo(2,1) such 
that j is discrete and faithful and such that there exists a {j, p)-equivariant 
contracting map from to . Then 

Vol (j X p(7ri(5))\SOo(2,1)) = 47r^(eu(j) eu{p)) . 

In particular, this volume is an integral multiple of 47r^ and is therefore 
constant under continuous deformations of j and p. 

This theorem was initially proven in the author’s thesis ([23], ch.4). There, 
more details are given about the various possible values for the volume of 
closed anti-de Sitter 3-manifolds. In particular, the volume is expressed 
in terms of the topology of the quotient (which is a Seifert bundle over a 
hyperbolic orbifold) and an invariant that we called the length of the fiber. 
This expression follows from Theorem 2.1, but it requires a discussion about 
how to lift an action on SOo(2,1) to a finite cover of SOo(2,1). For simplicity, 
we chose here to restrict to the setting of surface group actions on SOo(2,1). 
Though it only describes closed AdS 3-manifolds up to a finite cover, this is 
enough to obtain the volume rigidity of all closed anti-de Sitter manifolds. 

Note that the expression of the volume given in Theorem 2.1 differs from 
the author’s thesis by a factor 8. This is due to the fact that, here, we 
normalized the Killing metric on SOo(2,1) so that it induces a metric of cur¬ 
vature — 1 on while, in [23], the Killing metric on SOo(2,1) is normalized 
so that it has itself sectional curvature —1. 
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We now turn to non-compact quotients of AdS^ and prove that their 
volume is not rigid (Theorem 3). 

Proof of theorem 3. Let L be a non-cocompact lattice in SOo(2,1) and j : 
r —7- SOo(2,1) the inclusion. Then, up to taking a torsion-free finite index 
subgroup, j(r)\]HI^ is a hyperbolic surface with at least one cusp. It is thus 
conformal to a S\{pi,--- ,Pk}, where 5 is a closed Riemann surface and 
pi, - ■ ■ ,Pk Sl. finite set of points. Let us denote by gi the conformal hyperbolic 
metric on S\{pi, ■ ■ ■ ,pk} with some cusp at each pi. 

For every 0 < t < 1, a famous theorem of Troyanov [24] garanties the 
existence of a (unique) conformal metric gt of constant curvature —1 on S, 
with conical singularities of angle 

a{t) = 27r(l -t) 

at each pi (here g denotes the genus of S). 

For each 0 < t < 1, the metric gt induces a holonomy representation 

pt : F = 7ri(5\{pi,... , pk }) SOo(2,1) 

and a developing map ft : ~ S' —)• which is (j,/>t)-equivariant. More¬ 

over, since gt is conformal to gi, the developing map ft is holomorphic. By 
Schwarz’s lemma, it is either isometric or locally contracting at every point. 

The local form of gt and gi at a cusp shows that gt/gi goes to 0 at each 
Pi. Therefore ft is not an isometry and, by compacity of S, it is actually 
a global contraction. Hence j x pt(X) satisfies Gueritaud-Kassel’s criterion 
and we have 

Vol {j X pt(r)\SOo(2,1)) = 27r (Vol(j) + Vol(pt)) . 

Since the volume of pt is nothing but the volume of (S, gt), the Gauss-Bonnet 
formula gives 

Vol(pt) = 27rt{2g - 2 + k) = tVol(F\H2) , 

and therefore 

Vol (j X pt(F)\SOo(2,1)) = 27r(l + t)Vol(r\e2) . 

When t goes to 0, pt converges (up to conjugation) to an elliptic represen¬ 
tation po (i.e. a representation fixing a point in H^). Finally, one can define 
P-t as the representation pt conjugated by an orientation reversing isometry. 
This way, we have 

Vol(pi) = tVol(r\H2) 

for all — 1 < t < 1. Each j x /Ot(r) satisfies Gueritaud-Kassel’s criterion and 
the volume of j x pt{T)\SOo{2, 1) varies linearly between 0 and 27rVol(r\]HI^). 

□ 


3. Rigidity of the volume in higher dimension 

The purpose of this section is to show that the non-rigidity phenomenon 
that we just exhibited cannot happen in higher dimension. According to 
Theorem 1, it is enough to prove the following: 
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Lemma 3.1. Let T be a (not necessarily cocompact) lattice in SOo(ti, ^), n > 
3. Denote by j the inclusion ofT into SOo(ra, 1) and let pt be a continuous 
family of representations ofT into SOo(n, 1) that are strietly dominated by 
j. Then 

t i-A Yol{pt) 

is constant. 


Actually, the assumption that pt is strictly dominated by j is only needed 
when n = 3 and F is not cocompact. When F is cocompact, the result is 
due to Besson-Courtois-Gallot [3]. It was extended by Kim and Kim for 
representations of non-cocompact lattices of SOo(n-, 1) when n > 4 [13]. 

The most problematic case is when n = 3 and F is non-compact. Here 
the lemma is not true anymore if we remove the hypothesis that j dominates 
Pt- In that case, lemma 3.1 is (and the proof will be) very similar to [13, 
Theorem 1.3]. Our first step will be to give a precise definition of the volume 
of a representation. 


3.1. Volume of representations of a lattice. Let F be a lattice in SOo(n, 1), 
n > 3. Denote by j the inclusion of F into SOo(n, 1). Following [10], we call 
a representation p : F ^ SOo(n, 1) cusp preserving (resp. cusp deteriorat¬ 
ing) if for every parabolic element 7 G F, p{'y) is parabolic or elliptic (resp. 
elliptic). Note that, ultimately, the only representations we are interested in 
here are cusp deteriorating, according to the following proposition: 

Proposition 3.2 ([10], Lemma 2.6). If p is strictly dominated by j, then p 
is cusp deteriorating. 


If p is strictly dominated by j, theorem 1 is true if we define the volume 
of p as 

[ rvoi^’^, 

where / is any (j, p)-equivariant contracting map from H"' to H"'. According 
to corollary 1 . 10 , this value does not depend on the choice of a contracting 
map. More generally, let us prove the following: 


Proposition 3.3. If fo o.nd fi are two {j, p)-equivariant maps that are C- 
Lipschitz, then 

[ f^vol^'^ = [ ffvol^'^ . 

Remark 3.4. The existence of a [j, p)-equivariant Lipschitz map is equivalent 
to p being cusp-preserving ([10, Lemma 4.9]). 

Proof. When F is cocompact, the fact that f*voi^" does not depend 

on / is a classical consequence of Stokes’s formula. In the non-compact case 
we simply apply Stokes formula to the complement of some cusped regions. 
A boundary term appears, and we must prove that this term goes to 0 when 
these cusped regions are chosen smaller and smaller. 


Let ft be the map from El” to El” sending a point x to the barycenter 
Bar {(/o(x), 1 - t); {fi{x),t)} 
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(i.e. the point on the segment [fo{x), fi{x)] satisfying 
d{ft{x)Jo{x)) = td{fi{x),fo{x)) ). 

By convexity of the hyperbolic distance, ft is C-Lipschitz for all t. By 
equivariance of /o and /i, each ft is (j,/9)-eqmvariant. Putting all these 
maps together, we obtain a (j,/9)-eqmvariant map F : H" x [0,1] —)■ H”. 

Denote M = j(r)\]HI". A cusp in M is an open connect domain whose 
lift to El" is a disjoint union of horoballs. Let Kq be a compact in M whose 
complement is a disjoint union of cusps. Let Kp be the set of points of M 
at distance at most p from Kq. Then the complement of Kp in M is still a 
disjoint union of cusps. 

Since vofl" is closed, by Stokes’s formula, we have 

[ F*vol^" = 0 , 

Jd{KpX[0,l]) 

hence 

(1) [ fovol^" - [ f^voF" = [ . 

JKp JKp J[0,l]xdKp 

We need to prove that the right hand term goes to 0 when p goes to infinity. 

Since each ft is C-Lipschitz and since F{x,-) maps [0,1] to the segment 
[fo{x), fi{x)], it follows that 


F*vol 


H" 


< C" ^ X area{dKp) x max d{fo{x), fi{x)) . 


'[ 0 , l]xdKp 
By dehnition of Kp, we have 


xGdKp 


max d{fo{x),fi{x)) < max d{fo{x), fi{x)) + 2Cp . 

x^dKp x£dKo 

On the other side, it is a well-known fact in hyperbolic geometry that 
area{dKp) = e“^"“^^^area((9iLo) • 


Putting these two facts together we obtain 


F*vol^ 


'[ 0 , l]xdKn 


< {Cstp + Cst')e-^^-^^P 

0 . 


n—>-+00 


By equation (1), we finally obtain 


IM 


/o = lim 

n—>-+00 


lim 

n—>-+00 




Kn 


fSvof 


fivof 



12 


NICOLAS THOLOZAN 


Proposition 3.3 allows us to define the volume of a cusp preserving rep¬ 
resentation p as the integral of the pull-back volume form by any (j, p)- 
equivariant Lipschitz map. We will show that this is a particular case of a 
more general definition. 


Let 


denote the union of El” with all the fixed points in do 


of 


parabolic elements in P. We provide Hp with the topology extending the 
topology of H” an such that for any point x G Hp fl 9ooBI”, a neighbourhood 
basis of X is given by the family of horoballs tangent to x. With this topology, 
j(T) acts properly discontinuously and cocompactly on Hp, and the quotient 
is the compactification of j(r)\H” where one point as been “added” at the 
end of each cusp. 

Definition 3.5. A piecewise smooth (j, /9)-equivariant map / ; H” —)■ H” is 
nicely ending if it extends continuously to a map from 


Ip to 


Proposition-Definition 3.6 (Kim-Kim, [13]). Let p:T ^ SOo(n, 1) be a 
representation. Let f : H” ^ H” be a {j, p)-equivariant nicely ending map. 
Then 

[ rvoF^ 

is finite and does not depend on the choice of f. This number is called the 
volume of the representation p. 

A particular case of a nicely ending map / is a so called pseudo-developing 
or properly ending map ([7], [8]). Therefore, this definition of Vol(/3) coin¬ 
cides with the definition of the volume of p by Dunfield [6] and Francaviglia 
[7]. Kim and Kim show that one can always construct a nicely ending sim- 
plicial map / and decude that this definition of Vol(/9) also coincides with 
the definition by Bucher-Burger-Iozzi using relative cohomology [4]. Here 
we will prove that it also coincides with our definition: 

Proposition 3.7. Let p he a cusp preserving representation ofT into SOo(n, 1). 
Then for any (j, p)-equivariant Lipschitz map f, 

[ fvoF" 

is equal to the volume of p (in the sense of Kim and Kim). 

Proof, by propostion 3.3 and proposition 3.6, it is enough to hnd a nicely 
ending Lipschitz map. We start by defining this map in the (lifts of the) 
cusps. Since the complement is compact, it is then easy to extend it as a 
global Lipschitz map. 


Let us choose a compact core in M = j(r)\H” whose lift to H” is the 
complement of a disjoint union of horoballs. The action of j(r) on the space 
of these horoballs has finitely many orbits. Let us choose Bi,..., Bj^ some 
representatives in each orbit, and denote by Tj the subgroup of T whose 
image by j stabilizes Bi. 

The group j(rj) contains no hyperbolic element. Since p is cusp preserv¬ 
ing, this is also true for p{Ti)- It is then a classical fact that one of the 
following holds: 
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• either p{Ti) fixes a point yi in 

• or p{Ti) fixes a point pi in SooH” and preserves a Buseman function 
/3y^ associated to pi 

In the hrst case, we say that /9(rj) is of elliptic type. In the second case, we 
say that /9(rj) is of parabolic type. 

If /o(rj) is of parabolic type, then it commutes with the flow Fy. such that 
Fy. {x,t) is at distance t from x on the geodesic ray from x to y*. Let Xi 
be the point in fixed by j(Ti). One can hnd a (Fj, j,/5)-equivariant 

Lipschitz map / from the horosphere dBi to the horosphere {(3y^ = 0}, and 
then extend it to Bi by setting 

f{F^^{x,t)) = Fy.{f{x),t) . 

One can check that / is still Lipschitz. 

If p{Ti) is of elliptic type, one can simply set f{Bi) = {pi}- There is now 
a unique way of extending / equivariantly to 

k 

U U jin) ■ Bi . 

i=\ 7Gr 

Finally, one can extend / smoothly and equivariantly to H”. Since / is locally 
C-Lipschitz on Bi (for some constant (7), and since j(r)\ F • Bi) 

is compact, the resulting map / is globally Lipschitz. 

Finally, by construction, / extends naturally to a map from Bip; to H by 
setting 

fixi) = Pi . 

Therefore, / is a nicely ending Lipschitz map. □ 

3.2. Proof of lemma 3.1. The main ideas of the proof are due to Besson- 
Courtois-Gallot [3] and Kim-Kim [13]. Here we will only sketch the general 
strategy and explain how to overcome the technical difficulties arising when 
working with non-compact lattices. 


Besson-Courtois-Gallot’s idea to prove the volume rigidity of representa¬ 
tions in SOo(n., 1) is to use the Schlafli formula. Let us start by recalling this 
formula. 

Let xo,...,Xn be n-b 1 points in El"'. We say that (xq, • • •, Xn) are (projec- 
tively) independent if their convex hull as non-empty interior. In that case, 
the convex hull is an n-dimensional tetrahedron denoted [xq ,..., x^j. For 
any pairwise distinct iq , ... ,ik in {0, ..., n}, the convex hull of Xj^,...,Xj^, 
forms a k-face of [xq, ..., x^j, denoted [xj^,..., Xj^,]. 


Proposition 3.8 (Schlafli formula). Let xo(t),... ,Xn{t) be curves in El" 
that are projectively independent at each time t. Then 


—Vol[xo,..., Xn] = ^ area[xo,..., Xj, %,. 

i<j 


,Xr. 


dt 


d{Xi,Xj 


where 0(xi, Xj) denotes the dihedral angle at the {n—2)-faee [xq, • • •, Xi,Xj ,..., 


Besson-Courtois-Gallot use this to prove the rigidity of the volume of 
a representation of a cocompact lattice. Indeed, in the cocompact case, 
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one can fix a triangulation of M = j(r)\]HI" and choose equivariant maps 
that are simplicial (i.e. cells of the triangulation are mapped to hyperbolic 
tetrathedra). The dihedral angles around a given (n — 2)-cell then add up to 
a multiple of 27r. This implies a cancellation when computing the derivative 
of the volume along a family of representations. 

Kim and Kim have adapted this proof to the non-cocompact case by con¬ 
sidering a triangulation of M with an “ideal” vertex at the end of each cusp 
and allowing to map these ideal vertices to the boundary of H”. This gives 
the rigidity in dimension n > 4, where the Schlafli formula naturally extends 
to tetrahedra with ideal vertices, but it partly fails in dimension 3 because, 
in that case, the Schlaffli formula does not make sense when some vertex 
is at infinity (indeed, the area of an (n — 2)-face is the length of an edge 
and becomes infinite when some vertex is in the boundary). However, using 
a variation of the Schlafli formula in that case, they were able to prove the 
rigidity of Vol(/9) in restriction to representations sending parabolic elements 
to parabolic elements. 

The situation is simpler when we restrict to representations p that are 
strictly dominated by j. Indeed, such representations are cusp deteriorating 
and, therefore, the image of each cusp group is of elliptic type and fixes a 
point in H". One can choose a simplicial map sending the vertex at the 
end of a cusp to such a fixed point. This way, the image of each cell is a 
compact tetrahedron in H”. One can hence use the Schlafli formula and 
Besson-Courtois-Gallot’s argument to prove that the volume is constant 
along every path in the space Dom(r, SOo(?r, 1)) of representations of T 
into SOo(n, 1) that are strictly dominated by j. 

Now, Dom(r, SOo(n, 1)) is an open set in a real algebraic variety. There¬ 
fore, the space of smooth points is dense in Dom(r, SOo(n, 1)) and we con¬ 
clude that the volume function is locally constant on Dom(r, SOo(n, 1)). 

4. Computation of the volume 

This section is devoted to the proof of theorem 1, and more precisely to 
theorem 1.9. From now on, we fix an integer n > 2, a torsion-free finitely gen¬ 
erated subgroup T, a discrete and faithful representation j : T —)■ SOo(n, 1) 
and another representation p : T —)■ SOo(?r, 1) such that there is a map 
/ ; —>■ El" which is (j, p)-equivariant and contracting. 

4.1. Bundle structure of Gueritaud—Kassel’s quotients. The map / 

allows to describe the quotient (j x p)(r)\SOo(?r, 1) as a bundle over j(r)\]HI" 
whose fibers have the form Kg, with g an element of SOo(n, 1) and K a max¬ 
imal compact subgroup of SOo(n, 1) (i.e. a subgroup conjugated to SO(n)). 
The way we do this construction here is a differentiable version of the con¬ 
struction given in [10]. 

We can assume without loss of generality that / is smooth. Let us intro¬ 
duce the map 

TT : SOo(n,l) 

such that Tr{g) is the unique fixed point of g o f. This map is well defined 
because / (and hence g o f) is a contracting map. 
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The following propositions follow easily from the definition. 


Proposition 4.1. The map vr is onto and for all x G H”, one has 

7r"^(x) = K^g , 

where g is some element in 'k~^{x) and Kx is the stabilizer of x. 


Proposition 4.2. The man vr is T-equivariant, i.e. for all 'j € T and all 
g G SOo(n, 1), 

TT = j{i) ■ T^ig) ■ 

Proof of proposition 4 . 1 . By transitivity of the action of SO(n, 1) on H”, 
there exists, for all x G H”, some g G SO(n, 1) such that g ■ f{x) = x. We 
thus have 7r{g) = x. Hence tt is onto. Let h be another element in 7r“^(x). 
Then 

hg-^ ■ X = hg~^g ■ f{x) = h ■ f{x) = x . 

Hence h G Kxg- The same computation shows that, conversely, if /i G Kxg 
then '7r(/i) = x. □ 


Proof of proposition 4.2. Fix some 7 G T and some g G SO(n, 1). One easily 
verihes that j{'y)gp{'y)~^ o / fixes ^'( 7 ) • TT{g). Indeed, 

j{l)9P{l)~^ ■ f Uil) ■ T^ig)) = j{l)9 ■ /(vr( 5 ')) (by equivariance of /) 

= j( 7 ) • 'K{g) (by dehnition of vr). 


Therefore 

T^{j{l)9P{l)~^) =j{l) ■'^{ 9 ) ■ 


□ 


Finally , let us compute the first derivative of vr. This will show that vr is 
a submersion and hence a smooth hbration. 

Lemma 4.3. Let g be a point in SOo(n, 1). Identify TgSOo{n,l) with the 
Lie algebra of right invariant vector fields on SOo(n, 1). Given u such a 
vector field, denote by Xu the induced vector field on Then we have 

dg7r{u) = (Id - d^(g){g o f))~^ {Xu{TT{g))) . 

The proof will rely on the following application of the implicit function 
theorem: 

Proposition 4.4. Let U be a neighbouhood of 0 in R” and /:[/—)• R" a 
map such that /(O) = 0 and such that ||d/o|| < 1 for some operator norm on 
R*^. Let X be a vector field on U, with flow defined on ] — e,£\xV for 
some neighbourhood V of 0 and some e > 0. 

Then, up to taking some smaller e, ^t°f has a unique fixed point x{t) for 
all t G] — e, e[. Moreover, the function t e-)- x{t) is differentiable at 0 and we 
have 

m = (Id - d/o)-' (Xo). 

Proof of proposition 4-4- Define 

F : ]-e,e[xH ^ R"* 

{t,x) i-A 4>i o f{x) - X . 

We have 

d{ofi)F{s, u) = sXo + dof{u) - u . 



16 


NICOLAS THOLOZAN 


Since ||d/o|| < 1, the linear map d-F(o,o) restricted to {0} x is bijective. 
Therefore T is a submersion in a neighbouhood of (0,0) and F“^(0) is thus 
a submanifold of dimension 1, transverse to the fibers t = Cst. The locus 
F“^(0) can thus be written locally as {{t,x{t)),t g] — £,£[}, where x{t) is 
smooth and satisfies 


-^0 + d/o(x(0)) - x(0) = 0 . 

The conclusion follows. □ 

Proof of lemma 4-3. Let us now compute the differential of tt. Fix g G 
SOo(n, 1) and u a vector in the Lie algebra of SOo(n, 1). We identify u 
with a tangent vector at g by right translation, i.e. we also denote u the 
vector 

^ exp{tu)g . 
at |t=o 

Let Xu be the vector held on H"' associated to u, i.e. the generator of the 
how 

<ht(x) = exp(tu) • X . 

By dehnition, TT{g) is hxed by 51 o / and, since / is contracting, one has 
||d 7 r(g)( 5 ' o /)|| < 1- Applying lemma 4.4 to 5 ^ o / in a neighbourhood of TT{g) 
and to the vector held we deduce that 1 1 —)■ 7 r(exp(ttt) 5 ') is differentiable 
at 0 and 

dg 7 r(u) = {exp{tu)g) = (id - d^(g){g o f))~^ {Xu{TT{g))) . 

Note that the map u 1 —>■ Xu{'K{g)) is a surjective map from so(n, 1) to 
since the action of SOo(n-, 1) on is transitive. Moreover, the 

linear map (id — (\^(^g-^{g o /)) ^ is bijective. Hence tt is a submersion at g. 

□ 

In conclusion, the map tt induces a smooth hbration from j x/9(r)\SOo(u, 1) 
to j(r)\]HI"^, whose hbers are images of SO(n) by left and right multiplica¬ 
tion. With a slight abuse of notation, we will still denote by tt the induced 
hbration. 

4.2. Integration of the volume along the fibers. In order to compute 
the volume of j x / 9 (r)\SOo(n, 1), we will hrst integrate the volume form 
along the hbers of tt. 

Let g he a, point in SOo(n, 1). The Lie algebra so(n, 1) decomposes as 
tg © where tg is the Lie algebra of the stabilizer of TT{g) and its 
orthogonal with respect to the Killing form. Recall that this Lie algebra is 
identihed to the tangent space TgSOo(n, 1 ) by right multiplication. 

By lemma 4.3, the kernel of the differential of vr at o' is precisely Ig, and 
dgTi thus induces an isomorphism from to Tn-(g)]Hl”. One can thus dehne a 
volume form voP on TgSOo(n, 1 ) by providing tg with the volume associated 
to the restricted Killing metric and with the pull-back of the volume form 
uo/®*" by TT. 
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Proposition 4.5. The volume form vol'^ defined above and the volume form 
vol'^ assoeiated to the Killing metric are related by 

volg = det (Id - d^{g){g o /)) vol'^ . 

Proof. Let (iti,... Un) be an orthonormal basis of and (ui,..., Vn(n-i)/ 2 ) 
an orthonormal basis of tg. Then, up to the sign, one has 

VOp{ui, . ..Un,Vi, . . .,Vn(n-l)/2) = 1 • 

On the other side, the Killing fields Xi = Xu. on form an orthonormal 
basis of thus satisfy 

V0l^"g^{X,,...,Xu) = l. 

By lemma 4.3, we know that 

dg7r{ui) = (Id - d^(^g){g o f))~^ (Xi) . 

Therefore, 

vol^"g){dg7r{ui),dg7r{un)) = det (id - d^(^g){g o f))~^ vol^"g-^{Xi ,..., , 

hence 

volg = det (Id - d^^g){g o /)) volg . 

□ 


In order to integrate this identity along the fibers, we will need the fol¬ 
lowing linear algebra lemma: 


Lemma 4.6. Let vol^ denote the volume form of SO(n). Then for any 
matrix A G A4n(K), we have 



UA) dvol^{U) 


V„(I + (-irdet(7l)) . 


Proof. If B is some n x n matrix and P a subset of {1,..., n}, let us denote 
by the square matrix of size n — \P\ obtained from B by removing all 
lines and columns whose indices are in P. Then one has 


det(AI„ — B) 


fc=0 \|P|=fc / 


Therefore, 

( 2 ) 

[ det{ln-UA)dvol^{U) = ^l V] [ det{{UA)p)dvol^{U) . 
JsOin) 


Now, for any P C {I,...,n} with I < |P| < n — 1, let D be the diag¬ 
onal matrix with coefficients {di,...,dn) where dj is — 1 if i = infP or 
i = inf{l,..., n}\P and dj = I otherwise. Then D is in SO(n) and, by 
construction, 

det((PP)p) = — det(Pp) 

for all matrix B. (Indeed, the multiplication by D multiplies the first line of 
Bp by -1.) 
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We thus have 

[ det{{UA)p)dvol^{U) = [ det {{DU A) p)dvol^{U) 

JsO{n) JsO(n) 


SO(n) 


ISO{n) 


-det{{UA)p)dvor{U) 


hence 


[ det{{UA)p)dvol^{U) = 0 . 
JsO{n) 


The only non vanishing terms in the sum (2) thus appear when P = 0 or 
,n}. Therefore, 


det {In-UA) dvol^{U) = 


ISO(n) 


dvol^{U) 


'SO(n) 


+ (-!)” [ det{UA)dvol^{U) 

J SO(n) 

(l + (-irdet(y4)) [ dvol^{U) 
JsO(n) 


'SO(n) 

V„(l + (-irdet(A)) 


□ 


We can now complete the proof of theorem 1. Let us denote by B the 
manifold j(r)\]HI"' and by E the manifold {j x p)(r)\SOo(u-, 1). Let U be 
an open set of B over which the fibration tt : E ^ B admits a section s. 
One can then identify the open set V = tt~^{U) with K xU, where K is the 
stabilizer of a base point xq in U. Such a trivialization is given by 

{k,x) i-A hkh~^s{x), 

where h is any element of SOo(u-, 1) sending xq to x (so that hKh~^ is the 
stabilizer of x). Through this trivialization, the volume voU identifies with 
the product volume on KxU (where K ~ SO(n) is provided with the volume 
vol^). On the other side, we have 

= det (Id - d^{hkh-^s{x) o /)) . 

When k spans K, hkh~^ spans SO(Ta;]Hi"'). By lemma 4.6, we thus obtain 



det (id — da;(/iA:/i ^s(x) o/)) 


Vn (1 + (-1)” det(da;s(x) O /)) 

V„(l + (-irJac/(x)) , 


where Jacj(x) is defined by 

f* = ^acf{x)volf" . 

Therefore, 


iKxU 


voE = / V„ (1 + (—l)"'Jac/(x)) 
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We finally obtain 

f vol'^ = f (1 + (—l)'^Jac/(x)) 

Je Jb 

= V„ [ vcl"’ + (-1)"/- . 

J B 

This concludes the proof of theorem 1.9. 

5. Some open questions 

In this last section, we discuss further some questions raised by this work. 

5.1. Are finite covolume discrete groups geometrically finite ? It is 

a famous result of Kazhdan and Ragunathan that lattices of a Lie group 
are finitely presented. However, to our knowledge, there is no answer to the 
following more general question: 

Question 5.1. Let G be a Lie group and X a G-homogeneous space such 
that G preserves a volume form on X. Let T be a discrete subgroup of G 
acting properly discontinuously on X such that r\A has finite volume. Is T 
finitely generated? 

We expect this to be true for quotients of SOo(n, 1), but we fell short of 
proving it here. The main issue is that Gueritaud-Kassel’s theorem assumes 
that T is a geometrically finite subgroup of SOo(u, 1) (in particular it is 
finitely generated). 

If we remove this assumption, there are examples of proper actions on 
SOo(u, 1) given by j x /o(r), where j is discrete and faithful and for which 
there is a (j, /5)-equivariant map / ; ^ El” satisfying 

difix),f{y)) < d{x,y) 

for all X ^ y, but that is not A-Lipschitz for some A < 1. 

Conversely, if such a map exists, then j x /9(r) acts properly discontinu- 
ously on the domain U formed by all the g € SOo(n, 1) such that g o f has 
a fixed point. The integral 

[ voF" + (-l)”/*P0/®'‘ 

then computes the volume of j x p{T)\U. Whether this domain U is the 
whole hyperbolic space H” depends on how contracting the map / is. 

Interestingly, when n = 2, it can happen that / is close enough to being 
an orientation reversing isometry asymptotically, so that vol^ + f*vol^ is 
integrable and thus j x p{T)\U has finite volume. However, we expect this 
to imply that U ^ SOo(2,1). More generally, we conjecture: 

Coujecture. Let T be a discrete group and j x p a faithful representation of 
T into SOo(n, 1) x SOo(n, 1) such that j x /9(r) acts properly dis continuously 
on SOo(n, 1) with finite covolume. Then, up to switching the factors, j is 
discrete and faithful and j(r) is a lattice in SOo(n, 1) (in particular it is 
geometrically finite). 
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5.2. What are the values of the volume of Gueritaud—Kassel’s quo¬ 
tients? Let us fix a torsion-free lattice L in SOo(n, 1). It is natural to ask 
what values can be taken by the volume of quotients of SOo(n, 1) by some 
action of L. Given Theorem 1, this boils down to understanding the possible 
values for the volume of a representation p : T ^ SOo(u, 1) which is strictly 
dominated by a discrete and faithful representation. 

The case n = 2 is well-understood. It T is not cocompact, Theorem 3 
shows that quotients of SOo(2,1) can have any volume in the open interval 
(0, 27rVol(j)), where j is a Fuchsian representation of T. On the contrary, if T 
is cocompact, then the volume of a representation p is an integral multiple of 
271. If, moreover, p is strictly dominated by j, then one has \ Vol{p)\ < Vol(j) 
(note that the weak inequality is true without any hypothesis on p by Milnor- 
Wood inequality). It follows that 

^Vol (j X p(r)\SOo(2,1)) G {1,..., 4p - 5} , 

where g is the genus of the surface j(r)\lHI^. 

Conversely, Salein [21] proved the existence of pairs {j,p) with j Fuchsian 
and p strictly dominated by j of any non-extremal Euler class. Therefore, 
^Vol (j X p(r)\SOo(2,1)) can take all the integral values between 1 and 
Ag - 5. 


The picture is much more blury in higher dimension. When n is even, it is 
known that twice the volume of a representation of F is an integral multiple 
of the volume of the sphere of dimension n. (When F is cocompact, it follows 
from the Chern-Gauss-Bonnet theorem. It was generalized to any lattice 
by Bucher-Burger-Iozzi [5].) However, it is not known which of this values 
are actually realized, let alone by representations strictly dominated by a 
Fuchsian one. In odd dimension, the only thing that is known is that there 
are only finitely many possible values, since the space of cusp deteriorating 
representations has finitely many connected components. 

So far, the only known examples of Gueritaud-Kassel’s quotients when 
n > 3 are constructed by taking the representation p to be a continuous de¬ 
formation of the identity. In particular, such a representation has volume 0. 
This raises the following question: 

Question 5.2. Let T he a lattice in SOo(u, 1), n > 3 and j : F —SOo(u, 1) 
the inclusion. Does there exist a representation p strictly dominated by j 
whose volume is not zero? 
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